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Matrix measure

ẋ(t) = f (t, x(t)), x(0) = x0. (1)

solution denoted x(t, x0).
Let Ω ⊆ Rn be a convex forward invariant set

J(t, x) =
∂f (t, x)

∂x
Jacobian

Matrix measure µ of matrix A ∈ Rn×n

µ(A) = lim
h→0+

‖I + hA‖ − 1
h

(MPRI) Oct. 24, 2024 3 / 14



One can compute µ(A) as

µ(A) =
1
2
λmax(A + A>)

or

µ(A) = sup
x ,y∈Ω,x 6=y

(f (x)− f (y)>(x − y)

‖x − y‖2
.

Condition: ∃λ > 0

µ(J(t, x)) ≤ −λ < 0 ∀x ∈ Ω, t ≥ 0. (2)

If (2) is true, one says that Equ. (1) is contractive.
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Basic property

If (1) is contractive1 , then:

‖x(t, x0)− x(t, y0)‖ ≤ ‖x0 − y0‖e−λt . (3)

This means that 2 trajectories contract to each other

NB: 6= names for related notions:
One-Sided Lipschitz constant <0

Input-to-State Stability (ISS),

incremental exponential stability,

−f monotone (or coercive),

1G. Söderlind, “The logarithmic norm. History and modern theory”, BIT Num. Maths,
2006.
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Extensions

Notion of contraction extends via2

weighted norms ‖ · ‖Q (i.e ‖z‖ = z>Qz with Q symmetric)

bounded perturbation: ẋ = f (x) + p with p ∈ P (× of) bounded
real intervals

stochastic ODE with dx = df (x) + σdw

transverse contraction,

partial differential equations

2Lohmiller-Slotine: “On Contraction Analysis for Non-linear Systems”. Autom. 34,
1998. Cf: Giesl et al.: “Review on contraction analysis and computation of contraction
metrics”, 2022
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Classical use of contraction

proof of convergence towards a unique stable equilibrium x∗

control synthesis: e.g., find a control u(t) such that the solution of
ẋ = f (x , u(t)) converge towards a reference trajectory

find bassin of attraction of periodic systems (orbital stability)

prove entrainment/synchrony for ODE of the form ẋ = f (x , ω(t))3

3Lohmiller-Slotine: “On Contraction Analysis for Non-linear Systems”. Autom. 34,
1998. Cf: Aminzare-Sontag: “Contraction methods for nonlinear systems: a brief
introduction and some open problems”, CDC 2014.
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Historical use of contraction: stability of numerical
integration (A-stability)

Theorem4

Let A ∈ Cd×d . The matrix exponential is bounded by

‖etA‖ ≤ etµ[A]; t ≥ 0.

→ continuous-time solution etA is exp. stable around 0 if µ[A] < 0.
In particular:

µ[A] < 0 ⇒ ‖etA‖ < 1 ∀t > 0.

4G. Dahlquist, “Stability and error bounds in the numerical integration of ODEs”, 1958
(cf. G. Söderlind, “The logarithmic norm. History and modern theory”, 2006)
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Desoer-Haneda’s Result (1972)

Theorem
Let x̃n (resp. ỹn) be the backward Euler approximation at step n for initial
value x̃0 (resp. ỹ0). Then

‖x̃n − ỹn‖ ≤ (1− hµ[A])−n‖x̃0 − ỹ0‖+ ρh

for some ρ> 0 independent of h.

Proof. Local truncation error ξn = xn+1 − xn − hẋn+1.
By Taylor’s formula at order 2:

‖ξn‖ =
1
2
h2‖x ′′(u)‖ ≤ ρ

for some ρ > 0 and u ∈ [nh, (n + 1)h].

but Th. gives no way to prove convergence to 0 for constant step size h



Novel use of contraction: upper bound on Euler’s method
error

x̃k+1 = x̃k + hf (x̃k).
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One-step reachability [Le Coënt De Vuyst Chamoin F., SNR17]

Theorem
Let: x1 = x(h, x0), x̃1 = x̃0 + hf (x̃0). Then:
‖x0 − x̃0‖ ≤ δ0 ⇒ ‖x1 − x̃1‖ ≤ δ1 where

δ1 =

(
(δ0)2eλh +

L2‖f (x̃0)‖2

λ2

(
h2 +

2h
λ

+
2
λ2 (1− eλh)

))1/2

if λ < 0

δ1 =

(
(δ0)2e3λh +

L2‖f (x̃0)‖2

3λ2

(
−h2 − 2h

3λ
+

2
9λ2 (e3λh − 1)

))1/2

if λ > 0





Advantages: limited wrapping effect + optimizable step h

Figure: Wrapping effect with Interval Arithmetic (left) vs Euler ring (right)

Figure: Evolution of the upper bound δ on the Euler discretization error
(MPRI) Oct. 24, 2024 13 / 14



References (DBLP)
L. Fribourg: Euler’s Method Applied to the Control of Switched Systems.
FORMATS 2017

A. Le Coënt, F. De Vuyst, L. Chamoin, L. F.: Control Synthesis of Nonlinear
Sampled Switched Systems using Euler’s Method. SNR 2017

A. Le Coënt, L. F., J. Vacher: Control Synthesis for Stochastic Switched
Systems using the Tamed Euler Method. ADHS 2018

A. Le Coënt, L. F.: Guaranteed Optimal Reachability Control of
Reaction-Diffusion Equations Using One-Sided Lipschitz Constants and Model
Reduction. CyPhy/WESE 2019

A. Le Coënt, L. F.: Guaranteed Control of Sampled Switched Systems using
Semi-Lagrangian Schemes and OSL Constants. CDC 2019

J. Jerray, L. F., É. André: Robust optimal periodic control using guaranteed
Euler’s method. ACC 2021

J. Jerray, A. Saoud, L. F.: Asymptotic error in Euler’s method with a
constant step size. Eur. J. Control 68 (2022)

J. Jerray, A. Saoud, L. F.: Using Euler’s Method to Prove the Convergence of
Neural Networks. IEEE Control. Syst. Lett. 6 (2022)

(MPRI) Oct. 24, 2024 14 / 14


	Matrix measure and contraction
	A new upper bound on the discretization error of Euler's method

