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CHAPTER 2. COMPUTABLE ANALYSIS



Chapter 3

The notion of Computable Real

3.1 Historical origins

The following sentence can be found in the paper from Turing in 1936 introducing
Turing machines [Turing, 1936]:

“The “computable” numbers may be described briefly as the real num-
bers whose expressions as a decimal are calculable by a finite means.”

Hence, it can be stated that the ideas of recursive analysis’s approach are as old
as computability theory and Turing machines.

3.2 C(lassical Computability

3.2.1 Turing machines

We assume the reader familiar with Turing machines.

X
OOIITTTITTTTTTTTTTTTT

Xe
COITTPITTTTTTTTTTTTTT

(X X )
[TTTTTTTTTITTITTITITTITITTT

The elementary operations a machine can perform are:

1. move some head on working tape one position to the left or right;
2. move some head on input tape or output tape right;

3. write a symbol a € X on the position under the head;

4. compare the symbol under some head with the symbol a € X.

11



12 CHAPTER 3. THE NOTION OF COMPUTABLE REAL

In other words, we assume the output tape to be write-only (the head cannot
move to the left).

3.2.2 Basic notions from Computability Theory

e Afunction f:N—=N,or f:N—-Q,or f:Q—N, or f:Q — Q is said com-
putable, if there exists a Turing machine which can transfer each number n €
N, encoded in the input tape, into the corresponding function value f(n),
which is to be encoded on the output tape, in finite time.

* Aset AcNor AcQ is said computable or recursive, if its characteristic func-
tion y4:N—Nor y4:Q— Nis computable.

* Aset AcNor Ac Qissaid computably enumerable, or recursively enumerable
if it is empty or if there exists a computable function f:N—-Nor f:N— Q
respectively such that A=range(f).

3.3 Computable Real Numbers

3.3.1 Definition

Definition 3.1 A real number is called computable if there exists a Turing ma-
chine wich can produce its decimal expansion (without input).

3.3.2 Characterization

Theorem 3.1 Let x € R. The following are equivalent:
1. x is a computable real number.

2. thereexists a Turing machine wich can produce its binary expansion (with-
out input).

3. there exists a computable sequence of rational numbers (qp) nen Which
converges rapidly to x, i.e|q; — x| <27*.

4. There exists a computable sequence of rational shrinking intervals enclos-
ing only x: that is to say, there exists two computable sequences (a) nen
and (by,) nenof rational numbers with

g < <ap<Apy1 <...X-<bpy1<b,<---<by
withlim,,—..o a, =lim,_ . by,.
5. {qe€Q: g < x}is arecursive (= decidable) set.

6. thereexists arecursive set Ac N and an integer z such thatx = z+)_jc a =L
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7. x isrational (then it has a finite continued fraction expansion) or x admits
a computable continued fraction expansion, i.e. there is some integer z
and some computable f :N — N such that

1

+ 1 5
f(o) + f(l)++
f(2)+f(3)+--~

.

3.3.3 Proofthat5. < 3.

¢ We sketch the proof of {g € Q: g < x} is a recursive set iff 3 (q;) nen With |g; —
x| < 2- L,

- =. For each i determine some ¢; € Q with g; < xand not g; + 271 < x.
These properties are decidable and a suitable i always exists. It follows
that g; < x< g; +27""! and thus |g; — x| < 27".

- <.

1. Case x € Q. It is easy to decide g < x for a given g € Q.
2. Case x ¢ Q. For given g € Q, we determine some i € N such that

lgi — x| <2 "and lgi —q| >27¢,

Such an i exists because x ¢ Q. Then g < x iff g < g;, which is decid-
able.

* Remark: the proof of < contains a non-constructive case distinction that can-
not be removed !!

3.3.4 Proofthat2. < 3.
We sketch the proof of 2. < 3.

e =. Assume that x has a binary expansion that is computed by some Turing
machine. Let g, be the rational number that one obtains by replacing in this
expansion all digits from the (n + 2)th digit after the binary point by zeros.
Then sequence (g,)en is @ computable sequence of rational numbers that
converges rapidly to x.

o =,

1. Case x happens to be of the form: integer divided by a power of two.
Then it has a binary expansion in which only finitely many digits are dif-
ferent from zero.

Obviously, such a binary expansion can be produced by a Turing ma-
chine.
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2. Case x not of this form. Then x has a uniquely determined binary ex-
pansion. Let (gn)nen be a computable sequence of rational numbers
converging rapidly to x.

We which to show that one can compute the binary expansion of x:

- How to determine the binary expansion in front of the binary point:

* since x is not an integer, there is an 7 such that [g; — 271 qi +271)

does not contain an integer: by computing sufficiently many ¢;
fori=0,1,2,...,onecanfind suchai.

* Then the binary expansion in front of the binary point of x is
equal to the the binary expansion in front of the binary point of
qi-

- How to determine the binary digit number 7+ 1 in the binary expan-
sion of x, assuming one knows the binary expansion in front of the
binary point, and all digits 1, 2, ..., n after the binary point:

+ since x is not an integer divided by 2”1, there is an i sich that
[gi — 27, g; + 27"] does not contain an integer divided by 2"*1:
by computing sufficiently many ¢; fori =0,1,2,..., one can find
suchai.

» Then the binary expansion x and of g; are identical in front of
the binary point, and for digits 1, 2, ..., n, n+1 after the binary
point.

e Remark: the proof of < contains a non-constructive case distinction that can-
not be removed !!

3.4 The Field of Computable Reals

[ Theorem 3.2 (Rice54) The setR. of computable reals is a real algebraically closed
field.

It means that it is a subfield of the field R of real numbers, and it contains the
real zeros of any polynomials whose coefficients are computable real numbers.

* The field R, contains all particular real numbers we ever met in analysis (e.g.
V2,7, e, etc.).

* QcAcR;cR (A denotes the set of algebraic numbers).
e R, is countable.

* R, is not complete.
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Remark 3.1 In the Russian school (ex. Markov, Sanin, Kushner, Aberth) one fo-
cus on computability of functions f : R, — R..

Proposition 3.1 The set of computable real numbers is countably infinite.

Proof: It is infinite since it contains all rational numbers. It is countable since for
every computable real numbers, there is a Turing machine that computes its binary
expansion, and there are countably many Turing machines. g

Proposition 3.2 The set of computable real numbers is not complete.

Proof: Any real numbers, also a non-computable one, is the limit of sequence of
rational numbers, hence the limit of a sequence of computable real numbers. [

3.5 Weaker Notions of Computable Reals

3.5.1 Left/Right computable real numbers

Definition 3.2 A real number x is left-computable if it satisfies one (and then
all) of the conditions of the following proposition. A real number x is right-
computable if —x is right computable.

Proposition 3.3 For a real number x, the following are equivalent:

e There exists a computable strictly increasing sequence of rational numbers
with limit x.

* There exists a computable nondecreasing sequence of rational numbers
with limit x.

* Theset{q € Q|q < x} is a recursively enumerable subset of Q.

3.5.2 Relations with Previous Notion

Proposition 3.4 A real number is computable iff it is left computable and right
computable.

3.6 Teaser

C Theorem 3.3 Thefunction f:R — R, f(x) = x+x+x isnot(p10,P10) -computable.)
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Proof:[of Theorem Assume for the sake of contradiction that there is a Turing
machine that given a p;p-name of an arbitrary real x, produces a p;p-name of 3x.

Feed 0.3333... to the machine. The machine has to produce either 1.000000...
or 0.999999....

Assume it produces 0.999999...: the machine will write the first 0 after finitely
many steps, hence after reading only a finite number of symbols of its input tape,
say after reading at most the prefix 0.3", for some n € N. But, then the output of the
machine on input 0.374444... should not start by 0 (because 3 * p19(0.374444...) >
1,) whereas the machine will output 0. Contradiction.

If it produces 1.00000..., one reaches at a similar contradiction.
O



Chapter 4

The Notion of Computable
Function over the Reals

4.1 Computable Functions over the Integers, Rationals,
etc.

4.1.1 Back to Computability Theory

We extend the notions of Section

We will also consider computability notions on N and Q™ for n, m > 0 as basic,
in the same spirit as in previous chapter and in particular in the spirit of Section
3.2.2

For completeness sake, and in order to avoid misunderstandings, we formally in-
troduce computability of functions on or between these sets via the Turing machine
model.

Via the Turing machine model one defines computability on functions on ~*,
where X is a finite alphabet.

To talk about computability over N”* and @, we need to represent elements of
these spaces by strings, that is to say, to fix notations of these spaces.

4.1.2 Notations

Formally:

Definition 4.1 A notation of a set X, is a surjective function v : £* — X, where
X* is the set of finite words over alphabet X.

17



18  CHAPTER 4. THE NOTION OF COMPUTABLE FUNCTION OVER THE REALS

4.1.3 Fixing Notations for Usual Objects
Integers

For X =N, we can fix vy : Z* — N to be the usual binary notation of natural numbers.

Pairs, Triples, etc.
Fix a bijection < .,. > from N? to N: consider for example

x+x+y+1) +y,

<x,y>= 5

This yields a bijection < ., ,...,.> from N¥*1 — N for k = 1 defined recursively by

< X1, X2, X1 >=<< X1, X2, ", Xj >y X+1 > -

Tuple of integers
For X =N", we can fix

v (W) = (X1, Xp) vy (W) =< X1, , X5 >
Rational Numbers
Consider surjection v : N — Q defined by
.. i—j
<i,jk>=——.
vol<t.j ) k+1
For X = Q" (possibly with n = 1), we can fix
vor (W) = (q1,+++, qn) iff g; = vo vy (W)).

Words

Finally, for X = X*, consider vz« to be the identity.

4.1.4 Computable Function over Classical Discrete Spaces
-

Definition 4.2 Consider X and Y to be any of the spaces £*,N", or Q™ for some )
n,m=1.

Afunction f : X — Y is said computable if there exists a Turing machine that
oninput w € X*, never stops ifw € dom(fvx), and that stops after finitely many
steps with some output v such that

vy (V) = flvx(w))

¢ ifwedom(fvy). )

We will also use the notions “decidable” and “computably enumerable” for sub-
sets of 2*, N, or Q™ in the usual sense.
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4.2 Computability over infinite words

4.2.1 Why talking about infinite words ?

We want to formalize the notion of computable function for a function f:R — R.
We can not build a notation for R, as R is not countable.
We come to the notion of representation, where elements are represented by
infinite words, instead of finite words.

4.2.2 Formalizing Computability over Infinite words

X,
OOIITTTITTTTTTTTTTTTT

X
COITTPTITTTTTTTTTTTTTT

1 Xa)
COIITTTTTTTTTTTTTTTTT

Definition 4.3 A Turing machine M computes a function F : 2% — 2%, if on
input p € 2, the following holds true:

* if p e dom(F), then M computes infinitely long, and in the long run, it
writes the infinite function value F(p) on the write-only output tape.

* ifpg dom(F), then M does not produce an infinite output.

4.3 Computable Functions over the Reals

4.3.1 Representations

Definition 4.4 A representation of a set X is a surjective function § : 2% — X,
where X denotes the infinite words over alphabet X.
When d(p) = x, p is called aname of x.

4.3.2 Particular Representations
Decimal Representation
The usual decimal representation p1 is the representation such that p19(1.414...) =

V2.

Cauchy Representation
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C Definition 4.5 (Cauchy representation) The Cauchy representation p : X — h
R of the real numbers is defined by
p(wo#un#ws...) = x ifflx —vo(w;)| < DR
forallieN.
In other words, a real number x is represented by a (word coding a) sequence
S of rational numbers converging rapidly to x. )
Left, Right Representation
4 Definition 4.6 (Representation p.) The representation p< : Z* — R is defined h
by
g p<(wotwi#ws ...) = x iff fvg(wi)|i e N} = {g € Qlqg < x}. Y
Definition 4.7 (Representation p-) The representation p- : £ — R is defined
by
¢ o> (wo#wr#w,...) = x iff (vo(w;)|i eN} = {q € Qlq > x}. Y
4.3.3 Combining representations
6 Definition 4.8 e Let§:2? — X and 6' : Z° — X' be representations of X )
and X' respectively.
Then one can consider a representation of X x X' defined by
16,6'N(< p,q>) = (x,y) iff6(p) = x and &' (q) = y,
where< p,q>= p0)g0)p(1)g1)....
e For k = 1, the representation 5% of X* is defined recursively by §' = &,
6k+1 — [6k,5]
* Sometimes, we will need to combine notations and representations: given
v:Z* > X and 6 : Z® — X' be notation of X and a representation of X',
then one can consider a representation of X x X' defined by
L [v,61(0a,0a50...0a,1p) = (x,x") iff6(p) = x' andv(aiaz ... ay,) = x. )

4.3.4 Computable functions

Definition 4.9 Let f : X — Y be some function, and let 6x : 2 — X and dy :
3 — Y be representations.
Function f is said to be (6 x,0y)-computable if there exists a computable
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function F : X% — Z® such that

OyF(p)=f(0x(p)) forallpe dom(fdx).

(can be seen as a commutative diagram).

4.3.5 Convention/Definition

[ Definition 4.10 A function f : R¥ — R is called computable ifit is (p, p)-comput@ale.

4.3.6 Remark

Definition 4.11 Let6 be a representation of X. A point x € X is said 6 -computable
if there exists a computable p € Z® (i.e. a p produced as the output of Turing ma-
chines working over infinite words without input) such that d(p) = x.

Corollary 4.1 The computable real numbers coincide with the p-computable
real numbers.

4.3.7 Motivation: Multiplication by 3

We indeed consider the Cauchy’s representation instead of the (possibly) more nat-
ural (usual) decimal representation, because of the following observation:

( Theorem 4.1 The function f :R — R, f(x) = x+x+x is not(pm,pm)-computable.)

Corollary 4.2 Addition, multiplication are not computable with respect to the
decimal representation.

Whereas
[ Theorem 4.2 The function f :R — R, f(x) = x+ x + x is computable (that is to J

say (p, p)-computable.

Proof:[of Theorem[4.1] Assume for the sake of contradiction that there is a Turing
machine that given a p;g-name of an arbitrary real x, produces a pjp-name of 3x.

Feed 0.3333... to the machine. The machine has to produce either 1.000000...
or 0.999999....

Assume it produces 0.999999...: the machine will write the first 0 after finitely
many steps, hence after reading only a finite number of symbols of its input tape,
say after reading at most the prefix 0.3”, for some n € N. But, then the output of the
machine on input 0.374444... should not start by 0 (because 3 % p19(0.374444...) >
1,) whereas the machine will output 0. Contradiction.

If it produces 1.00000..., one reaches at a similar contradiction.

O
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4.3.8 Philosophical Remark

One may think that the decimal representation is more natural. However, as basic
functions like addition or multiplications are not computable with respect to this
representation, one then can think:

e either the Turing machine model is not appropriate for real numbers in prin-
ciple.

e or the model has to be modified such that addition or multiplication become
computable

e This can be achieved by allowing two-way output tapes. However, then the
model is not closed under composition and the output after finite time would
be completely useless

* Alternatively, one must replace the decimal representation by a more suitable
representation. This is historically what has been done in Recursive Analysis,
following the correction of Turing in 1937 about his paper from 1936.

4.4 Computability of Common functions

4.4.1 Computable Functions

( Theorem 4.3 The following functions are computable

* The arithmetic operations +,—,.,:C R xR — R.

* The absolute value function abs:R — R, x — | x|.

* The functions min, max: R x R — R.

* The constant functions R — R, x — ¢ with c € R,.

 The projections pr; :R" —> R, (x1,--+, Xp) — X;.

* All polynomials p : R™ — R with computable coefficients.

* The exponential function and the trigonometric functions exp,sin, cos :
R— R.

* The square root function ,/ and the logarithm function log on their natu-
¥ ral domains. )

Proof: We sketch the proof that addition f : R? — R is computable: given two
sequences (g,)nen and (r,) ey of rational numbers that rapidly converge to x and
y respectively, we can compute the sequence (p,),en defined by p,, = gp+1 + rp1-
This sequence converges rapidly to x + y:

X+ Y= Pnl S1X = Gni1l + 1y —rpprl <2700 4 270FD) — 5y pmn=1 _5=n,
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Since addition can be computed on Turing machines, it follows that f is com-
putable as well. (|

Remark 4.1 Addition requires only a uniform lookahead of one step that does
not depend on the input. For functions tat are not uniformly continuous, such
as multiplication, the lookahead may depend on the input.

Proof: We sketch the proof that multiplication f : R> — R is computable: given
two sequences (q,)nen and () nen of rational numbers that rapidly converge to x
and y respectively, we can compute the sequence (p;)en defined by p,, = gpm *
r'n+m- This sequence converges rapidly to x + y, if m is well chosen.

[x*y—pul <|xI* |y = Fpem| 1 Tnemllx = gneml.

Indeed, take m such that x| < |qo| + 1 < 2™ ! and |rpym| < 1ol + 1 < 2™ 1,
Then
| x * = pn| < 2m—17n7m +2m—1—n—m =on
Since multiplication can be computed on Turing machines, it follows that f is
computable as well. O

4.4.2 Non-computable basic functions

We will see in next chapter that a computable function over the reals must be con-
tinuous. This yields non-computability of functions like the characteristic function
of any set, or of the sign function.
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Chapter 5

Computability and Continuity

5.1 Computability implies Continuity for computations
over infinite words

5.1.1 Cantor’s topology

Cantor’s space is the metric space = over some finite alphabet %, endowed with the
metric d¢ defined by

2= minlilpD#4W) f 1 % ¢

de(p,q) = { 0 otherwise

Let ¢ be the topology induced by the metric d¢. The topological space (Z%, dc)
is also called Cantor’s space.

The set {wX”|w € £*} is a basis of the topology 7¢: that is to say, any open set is
a union of sets of this form.

(graphical representation as a tree).

5.1.2 Computable implies Continuous

Theorem 5.1 Each computable function F : 2 — X2 is continuous with respect
to the Cantor topology.

Proof: Let M be a Turing machine which compute F. Let p € dom(F) and let v
be a prefix of g = F(p).

After a number ¢ of steps machine M with input p has just written v on the out-
put tape. At this time, machine M has read at most a finite prefix w of p: we obtain
F(wX®) c vz®.

In other words, F is continuous. |

25
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5.2 Computability implies Continuity for computations
over reals

5.2.1 Reasoning about the commutative diagram

This implies that each computable function f : R — R must be continuous (with
respect to the usual (=Euclidean) topology).
In short:

* we must have commutative diagram fp = pF, and since p is continuous, fp =
pF also.

* since p has an operE] and surjective restriction, it follows that f itself is con-
tinuous.

Remark:

¢ Since
pwotwi#.. . #wHz”) = nl_ Bvg(w;),2™")

p indeed maps (relatively) open sets to open sets.

¢ Since
pwHwH.. #wHE®) = B(vg(w),27)

(where there is i times w in the expression) p is indeed continuous.

5.2.2 Effective continuity

Let B(x,€) :={y e R"|d(x, y) < €} be the ball of center x and of radius €.
We fix a total numbering B" of all open rational balls in R” by:

S . o+l
B"(<zl,...,zn,],k>):=B((v@(zl),...,v@(zn»,h).

C Definition 5.1 (Effective continuity) A function f : R" — R is effectively con-
tinuous if there is a computably enumerable subset S — N with the following two
properties.

1. Forany<i,j>€S, f(B"(i)) < B'(j);

2. For any x € dom(f), and any € > 0, there is some < i,j >€ S such that
x € B"(i) such that the radius of B (j) is at most as large ase.

& %

Lthe image of an open set is an open set.



5.3. (RECURSIVE ANALYSIS’) CHURCH TURING'’S THESIS FOR REAL NUMBER FUNCTIONS27

( Theorem 5.2 A function f :R" — R is computable iff it is effectively continuous. )

Proof: For simplicity, we will do the proof only for the case n =1.

Sense =: Assume that f is effectively continuous. Then given a p-name of a
point x € dom(f), one can compute f(x) with arbitrary precision using an enumer-
ation of S. Thus f is computable.

Sense <:

¢ Assume that f is computable. Then a Turing machine given any k and any
name p of x € dom(f), computes a rational g with f(x) € B(q,27%).

Fix k. The machine does so after reading at most a finite prefix of p of the form
wo#wn #... #wi#.

Then U := mﬁzOB(vQ(wi),Z‘i) is an open neighborhood of x, and any point in
this neighborhood has a p-name starting with the prefix.

Thus given a name starting with the prefix of any point in U, the machine will
produce the same output g. This implies that f(U) c B(qx,275).

¢ Thisimplies that f is continuous (Take any neighborhood V of y = f(x). There
must exists some k with B(qy,27%) c V. Consider respective U, we have f(U) c
B(gi,27 %) c V).

¢ f is even effectively continuous: enumerate systematically all prefixes of p-
names of real numbers and tests the Turing machines on them, to build a set
S.

O

5.2.3 Consequence

This shows that even a function as simple as the sign function (sign(x) :=0if x <0,
1 otherwise) is not computable.

5.3 (Recursive Analysis’) Church Turing’s Thesis for Real
Number Functions

¢ Discontinuous functions f : R — R cannot be computable.

¢ They might be “simple to describe” (a computable point in some function
space), or computable in some weaker sense (e.g. lower semi-computable)

¢ but not computably evaluable with arbitrary precision
(dessin)
(Recursive Analysis’) Church Turing’s Thesis for Real Number Functions: A
function f : R" — R is computable, if and only if it can be evaluated on a physical

computer with arbitrary given precision.
Hence, it must be continuous. ..
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5.4 Some consequences

This implies that there is no Turing machine, that given x, decide whether x = 0 or
x # 0: We mean, given some p-name of x, decide if it corresponds to x =0, or x # 0.
Indeed the function that sends x to 0 if x # 0, or 1 if x = 0 is not continuous, hence
not computable.

Notice however, that if we know that x # 0, we can decide whether x > 0 or x < 0.
Indeed, given some quickly converging Cauchy sequence (g,) nen, We have x > 0 iff
there exists some rank ny with g, —27" > 0 (call this property (1)). And x < 0 iff
there exists some rank ny with gy, + 27" < 0 (call this property (2)). Now, as we
know that x # 0, there must exist ng such that either property (1) holds (in which
case, x > 0), or there must exist 77 such that either property (2) holds (in which case,
x < 0): indeed, consider ngy such that 0 <277 < |x|.

This provides an algorithm: increase ny until either property (1) holds, or prop-
erty (2) holds.

Of course, this algorithm never halts if(f) x = 0.

5.5 A characterization of computable functions: mod-
ulus of continuity

5.5.1 Modulus of continuity

Definition 5.2 Let f : [a,b] — R be a continuous function on [a,b]. Then, a
function m :N — N is said to be a modulus function of f on [a, b] iff foralln e N
and all x, y € [a, b], we have

lx—yl <27 = | f(0) - f() <27

The proof of the following theorem uses the Heine-Borel covering theorem that
states that each open covering of a closed and bounded set A < R has a finite sub-
covering. That is, for any collection C of open sets such that A < |J{S|S € C}, there is
a finite collection {Sy,...,S;} of sets in C such that A< U?:l S;.

Theorem 5.3 If f : [a,b] — R is computable on [a, b] then f is continuous on
la, bl; furthermore, f has a computable modulus function m on [a, b].

A dyadic rational number d is a rational number that has a finite binary expan-
sion; that is, d = m/2" for some integers m, n, n = 0. Let D be the set of all dyadic
rational numbers. The binary expansion of a dyadic rational is its natural finite rep-
resentation.

We denote by D, the set of all dyadic rationals d with a representation s of prec(s) =
n: thatis, D, = {m-2""\me€ Z}.

Proof:
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We write BE for the binary expansion of x:

X = BEy(~1)- (BEx(0) + ¥ BE(i)27)
i=1

We write by, for the standard Cauchy function for x: That is to say

n .
bx(n) = BEx(=1)- (BE(0) + ) BE.(i)27")
i=1

Observe that we have: if |y — b, (n)| < 27" then |y — by (k)| <27 for all k < n.

Let M be a Turing machine computing f and » a fixed integer. For each x € [a, b],
consider the computation of M on input b,: it outputs some sequence rapidly con-
verging Cauchy sequence (q;,) nen. Write M bx(p) for qn- Let ky = max{k|b, (k) is queried in the computation M bx (4
2)}.

Then, we claim that for all y € [a, b], |y— by (ky)| < 2~% implies that | f (y)— f (x)| <
2=+ this comes from the fact that the computation on such an y must be the
same as the computation on b, atleast up to the moment where M bx (n+2) is output,
assuch an y has arepresentation starting exactly as by, and the computation is never
reading more than k, rationals of its input.

Let ¢y = by (ky) =27 %< and ry = b, (ky) + 2%+, Then, ¥,z € (Ux,1y) Nla, bl implies
() - f(2)] <2~V (Both f(y) and f(z) differ from MP*(n+2) by at most 2~ **2) )

Consider the open covering{(¢, rx)|x € [a, b]} for [a, b]. By the Heine-Borel The-
orem, there must be a finite covering {(¢,, )i = 1,...,t} for [a,b]. Let m(n) =
max{ky,|i = 1,..., t}. We claim that for any y, z € [a, b, |y —z| < 27" implies | f (y) —
flR) =27

This can be verified as follows. If |y — z| < 27" and y < z, then either ¢4, <
y<z<ryforsomei=1,...,f,orfy, <y< lxj < Ty SzZ<Ty, forsomei,j=1,...,t.
In the first case, |f(y) — f(2)| < 2=+ 1 the second case, lf-f@I<Ify -
f@+1f(u) - f(z)] <27", where u is a real number in (lxj, rx;). This shows that the
function m(n) is a modulus function for f.

Finally we check that m is a computable function. Note that in the above proof,
foreachi=1,...,t if welet d; = by, (ky,) = ({y; + 1x;)/2, then d; € D and the output
of machine M oninput by, is exactly the same as that with input by, for the first n+2
output rationals.

In other words, we have ¢4, = £, and rg, = ry,. It implies that m(n) can be com-
puted as the maximum of k4, i = 1,..., . This suggests the following algorithm for
m(n):

e fori=1tooodo

- if[a, bl SUg;ep;nia,b)(Car Ta)
+ then halt and output m(n) = max{k,|d € D; N [a, bl}.
By the above discussion, there exists an integer i such that {(¢4,74)|d € D;nl[a, b]}

covers [a, b]. So, this algorithm always halts. Furthermore, when it halts in the ith
iteration with the output m(n), {(¢4,r4)|d € D; N [a, bl} must be a covering for [a, b].
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As proved above, this implies that for all y,z € [a, b], |y—z| <27 = | f(y) - f(2)| <
27" So the algorithm computes a computable modulus function for f. (]

The above gives us immediately our first characterization of computable real
functions.

Corollary 5.1 Areal function f : [a, b] — R is computable iff there exist two com-
putable functions m :N — N andy : (Qn [a, b]) x N — Q such that

1. m is a modulus function for f

2. andforallge Qnla,bl andallneN, [w(q,n)— f(g)|<27".

Proof: The “only if” part follows immediately from previous theorem.

For the “if” part, assume that m and v satisfy 1. and 2. A Turing machine M
computing f works as follows: Given some quickly converging sequence (q,), rep-
resenting x, one can output some quickly converging sequence (r,), representing
f(x) as follows: Given n, compute m(n + 1), then read g = gn+1)- Then output

(g, n+1).
As we know that |g— x| < 27™"*D we have | f(q) — f(x)| < 2~"**D _ Hence | f (x) —
w(g,n+1)| <27, a

5.5.2 What about functions over non-compact domains?

Although the above characterizations are stated for functions with a compact do-
main, they can easily be extended to functions defined on R by extending the notion
of uniform modulus of continuity to a local modulus of continuity.

We state such an extension of above characterization

Corollary 5.2 A function f : R — R is computable iff there exist two recursive
functions m:NxN — N andwy: D xN — D such that

e forallk,neNandallx,y € [—k, k], |x—y| < 275 implies| f(x)— f(y)| <
27" and

e forallde D andallneN, |w(d,n)— f(d)| <27 ".



Chapter 6

Computability for More General
Spaces

We will need to consider more general spaces, such as the class of continuous func-
tions over [0, 1], denoted by €0, 1].

Actually, for such a space, we can generalize what we did for reals that we repre-
sented by Cauchy sequences of Rationals. We will here consider functions as Cauchy
sequences of polynomial functions.

In full generality, we are using the notion of computable metric space.

a Definition 6.1 A triple (X, d, a) is called a computable metric space if h
1. d: X x X —Risametricon X
2. a:N— X is a sequence such that the set {a(n)|n € N} is dense in X
¢ 3. do(ax a):N? — R is a computable (double) sequence in R. )
4 N

Definition 6.2 Let (X, d, a) be a computable metric space. Then we define the
Cauchy representationd x : 2 — X by

Sx(01™* o1+ 1%t ) = lim a(n;).
1—00

for any sequence (n;);en such that (a(n;))ien converges rapidly: we say that a
sequence (x;)jen converges rapidly , if d(x;,limy, o, X,) <27°.

& %

Examples

¢ (R",d,agn) with the Euclidean metric d(x, y) = 4 /Z:’:l |x; — y;|? and the stan-
dard numbering ag» of Q" defined by

(XRH(< ilr---, ln >) = (VQ(ll))rV@(ln))

is a computable metric space.
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e (€10,1],d¢, a«) is a computable metric space, with
de(f,8)=If—gll= sup |f(x)-gX)I
x€(0,1]

and some standard numbering a¢ of Q[x], for instance

k
ag(<k,<ig,...,ix>>) =) volijxl.
j=0

The following can be proved:

Theorem 6.1 1. Thefunction (f,x) — f(x) is (60,11, 0'“"], p)-computable
(where p[O’” is the restriction of p to names of real numbers in [0, 1])

2. The computable points of 6«(o,1) are exactly the computable functions f :
[0,1] — R.




Chapter 7

Computability for Subsets

7.1 First considerations

Over N, not only computable functions are of fundamental important, but also ef-
fective notions for sets, like the notions of computable (= recursive, decidable) set,
and recursively enumerable (=computably enumerable, semi-decidable) sets.

Over N, a subset A c N" is decidable if its characteristic function y4 : N — N is
computable.

Let us first to translate this idea to subsets of R”:

Definition 7.1 Let X be a set, and 6 x be a representation of X.

Asubset A c X is said to d x -decidable if its characteristic function y 4 : X — R
is (6 x, p)-computable.

The (p", p)-decidable subsets of R" will be called decidable

Proposition 7.1 The only decidable subsets of R" are » and R".

Proof: The characteristic functions of @ and R” are the constant functions 0 and
1 and are computable.

The characteristic function of any other subset is discontinuous and hence non-
computable. O

Is the problem with the p-representation?

Proposition 7.2 There is no representation ¢ : 2 — R of the real numbers such
that any of the tests =, <, < are decidable with respect to §: that is to say, such
that any of the following subsets of R? is 52 -decidable:

{(x, )] €R?|x = y}
{(x, P €R?|x < ¥}

33
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{(x, )] €R?|x < y}

Proof: We do the proof only for =.

Assume that there is a representation 6 such that = is decidable. Consider an
arbitrary real number x and a §-name p of x. On input < p, p > after a finite time,
the Turing machine outputs 1. It does so after reading at most a finite prefix of its
input, say at most 2n symbols of < p,p >. Then for any name ¢q that starts with
u:=p0)p()... p(n), the machine on input < p, g > will output 1.

This implies that 6(p) = §(q) = x for any 6-name ¢ starting with the prefix u.
Since there are countably many strings in £*, and § is surjective, this implies that R
is countable.

Contradiction. ]

7.2 Better considerations: Defining computable subsets

7.2.1 Definitions

Consider a non-empty closed subset A c R”. The distance function d4 : R" — R
defined by
da(x):=infd(x,y),
JEA

can be considered as a “smooth” version of the characteristic function of A.
(dessin).

Definition 7.2 A closed subset A < R" is said computable or recursive if either
it is empty or d 4 is computable.

Definition 7.3 An open subset A c R" is said computable or recursive ifits com-
plement (which is a closed set) is computable.

7.2.2 This extends the notions over N"
Proposition 7.3 A subset A ¢ N is decidable if and only if it is computable

when considered as a closed subset of R™.

Proof: Idea for < (for m =1).
Observe that for any integer n €N, da(n)is0ifne A,or=1forn¢g A.
Given n € N, if for a k we know that

1. da(m)<1-2"%thenne A.
2. da(m)>1/2+2 ¥ thenneN- A

Increase k until one of the two conditions above hold. O
Examples of computable subsets.
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1. {x}is computable iff x is a computable point.

2.
((x,y) eR?|x =y}

((x,y) eR®|x < y}
{(x,y) eR?|x < y}

are computable

3. The open ball B(x,€) and the corresponding closed ball are computable, when
x and € are computable.

4. [a,b] is computable when a and b are.
5. For any total function f : R"” — R the graph {(x1,..., x5, V)y = f(x1,...,X5) is
computable when f is computable.
7.2.3 Natural interpretation

The idea is that a closed set is computable if one can plot pixel of it at arbitrary
precision.

(dessin).

(Computability on Z can be reduced to computability on N by v(2n) := n, and
v2n+1)=—-(n+1)).

Proposition 7.4 For a closed subset A c R¥, the following conditions are equiv-
alent.

1. A is computable.

2. There exists a computable function f : N x Z* — N with range(f) <{0,1}
such that forallneN, z € Z*,

1 ifdA(zin) <27
fn,2)=<{ 0 ifda(%)>2.27"
0orl otherwise

7.3 Better considerations: Defining recursively enumer-
able subsets / Co-re closed sets

7.3.1 Back to classical computability

For subsets of N"* the following is well-known:
Proposition 7.5 The following are equivalent:

1. Ac N is recursively enumerable.
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2. thereis some computable f :N — N with dom(f) = A.

3. A is empty or there is some total computable function f :N — N such that
A=range(f).

co-recusively enumerable means “whose complement is” recursively-enumerable.

The idea is to generalize these to subsets of R”. The generalization of condition
2.leads to point 1. in the proposition below. The generalization of condition 3. leads
to points 2. and 3. in proposition below.

7.3.2 For subsets of R”

Definition 7.4 Let X be a set with representation § : £¥ — X. AsetU c X is
called 6 -recursively enumerable (= § -computably enumerable) if a Turing ma-
chine, given any arbitrary 6 -name p of an arbitrary element x € X, halts after
finitely many steps if and only if x € U.

Proposition 7.6 Let U c R" be open and let A:=R"™ — U be its (closed) comple-
ment.
The following conditions are equivalent:

1. U is p"-computably enumerable

2. U =Ugees B(q,€) for some recursively enumerable set S < Q" x Q. (here:
Q+=Qn{g>0}H

3. Theset{(q,€) € Q" x Q. |B(q,€) c U} is recursively enumerable
4. A= f~1({0}) for some total computable function f : R" — R

5. The function y, : R" — R is lower semicomputable: i.e. it is (p",p<)-
computable.

6. Either A= @ or the function d, : R" — R is lower semicomputable.

Proof: 6. = 3: Follows from d4(x) > ¢ iff AN B(x,€) = @.
2. = 4:if U =U,;,r;) B(x;,1;) then

2—i—1

Fl) = i max(0, ri—.d(xi,x))

i=0 Ti

defines a computable function f:R” — Rwith A= f~1({0}). (]

Definition 7.5 If one (an then all) of the conditions above are true, U is said
computably enumerable open, and A is said co-computably enumerable closed.
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7.3.3 Intuition/Digression
Let AcR" be a closed set. Then A is co-recursively enumerable if
{(q.€)€Q" xQ+[B(g.)n A= @}

is recursively enumerable.
(dessin).
This corresponds to “negative information” on the set A.

Definition 7.6 The upper Fell topology on <f := {A c R"| A is closed} is generated
by the subbase which consists of the sets {A € o/ |An K = @} for all compact sets
KcR™

7.4 Better considerations: Defining recursively enumer-
able subsets / Re closed sets
There is another generalization of computable enumerability:

Proposition 7.7 Let A< R" be closed.
The following conditions are equivalent:

1. Theset{(q,€) € Q" x Q+|B(q,e) N A # @} is recursively enumerable.

2. Either A = @ or there is a computable sequence (x;);en Of points x; € R"
such that A is the closure of the set {x;|i € N}.

3. Either A= @ or the function d : R" — R is upper semicomputable.

Definition 7.7 If one (an then all) of the conditions above are true, A is said
computably enumerable closed and U is said co-computably enumerable open.

Proposition 7.8 1. A subset A < N" is computably enumerable (considered
as a subset of N") if and only if it is computably enumerable when consid-
ered as a closed subset of R".

2. A subset A c N" is co-computably enumerable (considered as a subset of
N") if and only if it is co-computably enumerable when considered as a
closed subset of R".

Proposition 7.9 An open or closed subset of R" is computable iff it is computably
enumerable and co-computably enumerable.

Proof: Follows from the fact that lower semi-computable + upper-semicomputable
= computable. O
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7.4.1 Intuition/Digression

Let AcR" be a closed set. Then A is recursively enumerable if
{(q.€)€Q" xQ4|B(q,e) N A# @}

is recursively enumerable.
(dessin).
This corresponds to “positive information” on the set A.

Definition 7.8 The lower Fell topology on «f :={A c R"|A is closed} is generated
by the subbase which consists of the sets {A € o/ |AnU # @} for all open U c R".

7.5 Closure properties

Proposition 7.10 Let A and B be closed subset of R™.
e If A and B are co-ce closed, so are AU B and An B.
e If A and B are ce closed, so are AU B.

» IfA and B are computable, so is AU B.

Proof:

1. Let f,g : R" — R be computable functions such that A = f~1({0}) and B =
g 1({0}). Then AUB = (f * g)—1({0) and AnB = (|f|+Ig)~'({0}), and f * g
and |f| + |g| are computable functions.

2. A closed set is c.e. closed iff the set of open rational balls intersecting the set
can be enumerated effectively. Now note that any open (rational) ball intersect
AuU B iffit intersects at least one of A and B.

3. Follows from other statements.

7.6 Some open questions

Recall the Mandelbrot set M: M = {c € C| all numbers of the sequence (z;) ;jen defined
by z0:=0, and z;41 := z7 + ¢ satisfy |z;| < 2}.
The following questions are open

1. Is the Mandelbrot set computable?
2. Is the interior of the Mandelbrot set c.e. open?

The (famous) hyperbolicity conjecture says that a certain subset of interior of the
Mandelbrot set is actually equal to interior of the Mandelbrot set.



7.6. SOME OPEN QUESTIONS 39

Proposition 7.11 (Hertling 2005) Ifthe hyperbolicity conjecture is true, then the
answer to both questions above is yes.
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Chapter 8

Intermediate Value Theorem

8.1 Introduction

Theorem 8.1 For each continuous function f : [0,1] — R with f(0) * f(1) <0
there exists a point x € [0, 1] with f(x) = 0.

Does there exist a computable version of this theorem?
In general, we can distinguish two computable forms of such theorems:

1. non-uniform: for any suitable computable f, there exists a computable x.
2. uniform: given some suitable continuous f, we can compute a zero x.
In the uniform case, we can distinguish two subcases:

1. functional: there exists a computable (continuous) function Z : €1[0,1] — R
such that Z(f) isazero of f forall f € F.

2. multi-valued: there exist a multi-valued computable (continuous) function
Z :€10,1] = Rsuch that for all f € F there exists an x € Z(f) and all such x are
zeroes of f.

Here F < {f € €[0,1]|£(0) f(1) < 0}.

8.2 Trisection method

Theorem 8.2 There exists an algorithm which determines a zero for all given
computable (hence continuous) function f : [0,1] — R with f(0) * f(1) < 0 which
have exactly one zero.

Proof: In the classical bissection method, function values are compared with 0.
As we saw that this cannot be done in finite time, we use a trisection method.
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We start with ag := 0 and dj := 1. Now, assume that we have computed two num-
bers a;,d; € [0,1] with d; — a; = (2/3) such that fla;) = f(d;) <0 (this is true for
i=0).

In parallel, we compute the two values f(a;) * f(a; +2/3(d; — a;)) and f(a; +
1/3(d; — a;)) * f(d;) with higher and higher precision until one of them turns out
to be smaller than 0 (at least one of them must be smaller than 0). If this is the
first one, we set a;41 := a;,d;+1 := a; +2/3(d; — a;). If this is the second one, we set
aiy1:=a; +1/3(d; — a;),d; 1 := d;. U

Remark 8.1 If we used a bissection method, we would cut [a;,d;] in half, and
test the sign of f(z;) in z; = (a; + d;)/12: if f(z;) # 0, (by considering higher and
higher precision), we could ultimately know which case of f(z;) >0 or f(z;) <0
holds; the point is that it may happen than f(z;) = 0, and the algorithm would
never stop.

The trick here is that we cannot have simultaneously f (b;) =0 and f(c;) =0
forb; =a; +1/3(d; — a;) and c; = a; +2/3(d; — a;). Hence, the algorithm always
terminate.

8.3 Stronger statement

We actually proved a stronger statement: there exists a corresponding computable
functional: Z:%€[0,1] — R.

Theorem 8.3 There is a Turing machine which, given a 6,1 -name of some
function f with f(0) * f(1) <0 and such that f ~1({0}) does not contain an inter-
val computes a (p-name of) a zero of f.

Proof: We use a trick similar to the trisection method, with a slight generaliza-
tion.

First, we note that if f is such a function, and a < d are numbers in [0, 1] with
f(a) * f(d) <0, then for any n € N there are rational numbers b and ¢ with a < b <
c<dwithc—b<2""and f(b) = f(c) <0.

Assume that a 0«jp,1) of such a function f is given: similarly to the trisection
algorithm, we start with ap := 0 and dp := 1, and once two rational numbers a; and
d; with a; < d; and d; — a; <27%, and f(a;) = f(d;) <0 are found, it searches for two
rational numbers a;1,d;+1 with a; < aj+1 <dj+1 <d; with d;j 1 —a;jq < 2711 with
flaiz1) * f(dis1) <O0. O

Remark 8.2 Actually the algorithm returns possibly different zeros of f depend-
ing on the 00,1 name of f given to the algorithm.

8.4 Unsolvability in the general case
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Theorem 8.4 There is no general algorithm which determines a zero for any

continuous function f : [0,1] — R with f(0) * f(1) <0.

. J

-

Definition 8.1 Assume 0 x is a representation of X, and 0y a representation of\
Y. A multi-valued function f : X = Y is called (6 x,0y)-computable if there
exists a computable function F : 2% — X% such that §y F(p) € fo(p) forall p €
dom(féx).

Analogously, f is called (6x,0y)-continuous if there exists a continuous F
g with the above property.

J

(dessin).

Actually, the above theorem follows from the following observation:

Z:€10,1] = Rdefined by dom(Z) :={f € €[0,1]1|f(0) * f(1) <0}, Z(f) = f‘l({O},
is not (6«o,1], p)-continuous.

Proof: For the sake of contradiction, assume that Z is (0«o,1}, p)-continuous.
Consider the continuous piecewise linear function hy : [0,1] — R with breakpoints
0,-1), (1/3,y), (2/3,y), (1,1), for arbitrary y € R. Given a p-name of y, one can
compute a d«,1)-name of h,. If Z were (6«/o,1), p)-continuous, then there would
also be a continuous function mapping any p-name of y to a p-name of a zero h,.

The unique zero hy, for y <0 is greater than 2/3, and smaller than 1/3 for y > 0.
Hence, given a p-name of y = 0, a continuous function producing a p-name of a zero
of hy would have to produce a name of a number = 2/3 and at the same time < 1/3.
Impossible. (|

8.5 Non-uniform version

Theorem 8.5 Every computable function f :[0,1] — R with f(0) * f(1) <0 hasa
computable zero.

Proof: We distinguish two cases:

1. theset f ~1({0}) does not contain an interval. Then given a computable name
of f, the algorithm of Theorem|[8.3|will produce a computable name of a zero
of f. Hence, this zero is computable.

2. the set f ~1({o}) contains an interval. Then this interval contains a rational,
hence a computable number.

|
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Chapter 9
Complexity

We want to talk not only about computability of reals, or functions over the reals,
but also about their complexity.
We restrict here to time complexity.

9.1 Measuring Complexity

The time complexity of a Turing machine M computing a function f : X% — X¢
should describe the asymptotic behavior of M. One would like to measure the num-
ber of time steps in dependency of the:

* output precision
e size of the input
* while keeping track of the input lookahead.

(dessin).

For some (good) reasons, the Cauchy representation is not suitable to define
properly time complexity: basically, this is not a good idea to use the Cauchy rep-
resentation, because for example for any rational number one easily construct ar-
bitrarily long p names of it. This has the consequence (using a padding argument)
that for any computable real x, there is a Cauchy name for x computable in linear
time. This doesn’t really make sense.

One uses the better signed digit representation: the idea is that 1 represents —1.

Definition 9.1 The signed digit representation p;; : 2 — R is defined by:

—00
__ i
psa(@nan-1...ap.a-1a-...):= Y a;.2".
i=n

45
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for all sequences a; € {1,0,1} and n = 1 (with the additional properties that a,, #
0,ifn=0, and ana,—, 11,11} ifn = 1), where we interpret—1 as —1.

We will write D; for the set of rational numbers of the form n2/2¢ for some pos-
itive or negative integer m, and for some non-negative integer i: D =32, D; is the
set of Dyadic rationals.

In contrast to the binary representation, the signed digit representation is redun-
dant in a symmetric way.

Definition 9.2 Let t:N — N be a total function. A real number x is computable
in time @(t) if there are constant ¢ and a Turing machine that, without ever
stopping, produces a psq-name of x and, after ¢ * t(n) + ¢ steps, has written at
least the prefix containing n digits after the binary point.

Theorem 9.1 The set of polynomial time computable real numbers forms a real
algebraically closed field.

a N

Definition 9.3 A Turing machine M computes a real function f :R — R on a
domain K c R in time t : N — N with input lookahead | : N — N if and only if,
foranypep_}(K):

1. psafm(p) = fpsa(p):ie. M computes f upon input p.
2. with at most c.t(n) + ¢ time steps (for some constant c).

3. and with reading at most l(n) input symbols after the binary point of p.

in order to produce the n-th output symbol.

&

9.2 Basic functions

( Theorem 9.2 For all the following functions f : R™ — R with domain K c R™, h
there exists a Turing machine M which computes f in time t with input looka-
head l:

function domain time lookahead
fl,x2,...,%,) | K t(n) I(n)

=541 R n n

X1 + X [-1,11 x[-1,1] | mn n+c

X1 * Xo [-1,1]1 x [-1,1] | nlognloglogn 2n+c

X1 * X2 [-1,1]1 x [-1,1] | nlog?nloglogn | n+c

1/x; [7/8,2] nlognloglogn | 2n+c
exp, sin, cos [-1,1] nlog2 nloglogn | n+c
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9.3 Roots of Functions

Theorem 9.3 For any computable real x € [0,1], there exists a polynomial time
computable function f : [0,1] — R such that f is strictly increasing, f(0) <0 <
fQ), and f~1({0}) = {x}.

By considering x to be computable, but not-computable in polynomial time, we
get:

Corollary 9.1 There exists a polynomial time computable function f :[0,1] — R
such that f is strictly increasing, with f(0) <0< f(1), but f~1({0}) is not polyno-
mial time computable.

Proof:[of Theorem] Consider x to be computable and let (g,),en be some se-
quence rapidly converging to x: |x— g,| <27". Let ¢t : N — N that bounds the run
time to compute n— ¢,.

We will define a sequence (f,) neny of simple piecewise linear functions such that
fn — f, for some function f, and f,(x) = 0 for all n.

The basic idea is to construct f such that for a real number y, which is close to x,
and a small integer 7, the machine My computing f at precision 27" can consider
the value of f to be 0 on y. Only when the input integer n becomes so large that
there is enough time to distinguish y from x, M will assign a non-zero value to its
approximation of f(y) at precision 27", and make f(y) # f(x).

To do so, we define two sequences {d}}, and {e;} of rationals.

d;=0,e =1.
and for k =2,
dy = max{dy_1, qx — 271 and er =min{ex_1, qx + 27k,
We get the following facts:
e 0=d <dy<ds<---<dy<x<ey<---<e =1

¢ di and ey are computable in time O(s(k)) where s(k) = Zile t(i). For the sake
of simplicity, we assume that s(k) = k + 1.

Then we define {f,}, as follows:
o If s(k) <n<s(k+1), weset fr, = fs)-

e if n = s(k), k = 1, we consider f;, simple piecewise linear with < 2k break
points
dl’dZy'--)dkvekr---yeZ!el

such that for all breakpoint y € {d;, e;|1 <i < k},

0 if y =dy or ey

—276O+D) if y = d; and i = max{jly=d;} and i < k
)= )
2760+ jf y=¢; and i =max{jly =e;},and i < k
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For example, if 0 = d; < d» =ds < dy < ey =e3 < ey <e; =1, then fig is piece-
wise linear and is determined by the following points (d;, —h(1)), (d3, —h(3)), (ds,0),
(e4,0), (e2, h(2)), (e1, h(1)), where h(i) =2~ D+D,

Forany k = 1, fsx), fsik+1) differs only on (d;, dy+1)U(eg1, ej) where i = max{m|d,, <
dy}, and j = max{ml|e;, > ex}. Thus, the maximum difference between fy) and
fsw+1) occurs at either dy. or ey, and its value is at most 26U+ Thjg implies that
f =lim,, f, exists, and that

lfn() - fl<27" (9.1)

for all n> 0.

It is obvious that f is strictly increasing and f(x) = 0.

Observe thatforany k >0andanyi, 1 <i <k, d; and e; arein D;, and hence that
if d; # d;1 then |d; —d;1| > 279*D; Observe also that | fy) (d) — fi (div1)] <2759,
Thus the derivative fs’(k) on [d;,d;;1] is bounded by 275?/270+D < 1. Similarly, we
can show this is true on the interval [e;, e;11]. By mean value theorem (Théoréme
des accroissements finis),

[ fs00 (0) = fsao (D) < 1y —d| 9.2)

forall y,d € [0,1].

Consider a rational d € Dg: fsk) (d) is computable in time O(s(k)) by comput-
ing all d;’s and e;’s 1 < i < k, finding the pair d; and d; such that d € [d;, d;] (or
finding e; and e; such that d € [e;, ¢;], or determining that d € [d, ex]), computing
the values of f(d;) and f(d;) (or, respectively, computing the values of f(e;) and
f(e))) and performing a linear interpolation.

It follows that f is polynomial time computable on [0,1]: indeed, to compute
f () at precision 27", compute k such that s(k) = n+ 1. Take a dyadic d € Dy, at
distance less than 275K) of y, then output f)(d): this is a rational at distance less
than 275 of fy (d) by Equation (3:2). Now, fy (y) is at distance less than 275% of
f () by Equation (9.1).

|

9.4 Complexity of Numerical Operators

Itis difficult to define a uniform notion of complexity for operators of type F : €(0,1] —
€[0,1] such as integration or differentiation.

9.4.1 Computing the maximum (optimization)

Alternatively, one can study the time complexity of F(f) for polynomial-time com-
putable f.

Theorem 9.4 (Friedman’84) The following are equivalent.
1. P=NP

2. For each polynomial-time computable f : [0,1] — R, the maximum func-
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tion g:[0,1] — R defined by
g(x) :=max{f(y)0=<y<x}

for all x € 10,1] is polynomial time computable.

Rough idea:
The direction from 1. to 2. is based on the idea that

z<gx)e 3yel0,xDz=< f(y).

Using the Polynomial-Time Projection Theorem this is (approximately) decid-
able in polynomial time, if P = NP. By a binary search over z, one can determine
g(x) in polynomial time.

More formally:

Proof: =:

We only need to prove that for each f : [0,1]> — R computable in polynomial
time, the function £ : [0,1] — R defined by h(x) := max{f(x,y)|0 < y < 1} is com-
putable in polynomial time.

Indeed, from f computable in polynomial time over [0, 1], one can define func-
tion fi on [0,1]? computable in polynomial time as follows:

| fo ify>x
f1(X,y)—{ flx-y) ify<x

For each x € [0,1], max{fj (x, )|0 < y < 1} = max{f(y)|0 < y < x}.

Assume w.l.o.g. that range(f) < [0,1]. Consider M the Turing machine that
computes f in time p(n) for some polynomial p.

Define A to be the set of all pairs (dy, e) with e € D,,n[0,1], di € Dp(n+2) N [0,1]
for some n = 0 and satisfying

(3d> € Dp(ni2) N [0, 1) [e < MPa b (n 4 2)] :

here MP°b¢ (n 4 2) denotes the digit number 7 + 2 output by the machine with its
two input tapes containing d; and d, respectively.

Then, Ae NP.

Let dy € Dp(n+2)N10,1] and e € D,, N [0,1]. Assume that for some x € [0,1], |d; —
x| <27P+2) and e = max{e; € D,, N [0,1]|(d1, e1) € A}. Then we claim that

1. |le—h(dy)| <2~ +D
2. |h(dy)) — h(x)| <2~ (n+2)

The above two claims imply that [e—h(x)| < 27". Since e can be found by a binary
search using A as oracle, it follows that function # is polynomial time computable if
P=NP.

It remains to prove the two claims.

Proof of 1. Itis immediate that e < f(dy, do)+2~"*? for some d € Dp(n+2)N[0,1].
This implies that e —2="*1 < h(d;). Conversely, assume that h(d;) = f(dy, ;) for
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some y; € [0,1]. Choose dy € Dp(n+2) N[0,1] such that |dy — y1| < 27P"*?. Then
e f(dy,dy) —27P"*2 > f(dy, y1) — 27"V = h(dy) — 27D,

Proof of 2.. Assume that h(d;) = f(d;,y1) and h(x) = f(x,yx). Then |d; — x| <
2772 implies that | f (dy, yx)— f (X, y)| <272 Thus, h(dy) = f(d1, yx) = f(x, yx)—
2=1+2) = p(x) -2~ ("2 Similarly, we get h(x) = h(d;) —2~""*?), and thus the claim is
proved.

<. Let Ae NP. We need to construct a function f polynomial time computable
such that k polynomial time computable implies A € P, where k is the maximiza-
tion function such that k(x) = max{f(y)|0 < y < x}. Since A € NP, there exists a
polynomial-time predicate R and polynomial function p such that for all strings s,
se A< 3t |t = p(s)) R(s, t), where |s]| is the length of word s.

Now, we divide the interval [0,1] into an infinite number of subintervals, each
corresponding to a string s € {0,1}*. Namely, for each n = 1, let @, = 1 —2(""1,
and for each string s of length n, if s is the ith string in {0,1}", 0 < i < 2" -1 (i.e,,
s is th n-bit binary representation of integer i), then let u; = a,, + i * 272" and v =
us + 272", We further divide interval [us, (1 + vs)/2] into 2P many subintervals,
each corresponding to a string ¢ of length p(n). More precisely, if ¢ is the ith string
in {0,1}P™, 0 < i < 2P — 1, then we let y; ; = ug+ i %2~ P2+ and 7o = yo , +
2—(pun+2n+n'

Let g1 be a function with g;(0) =0, g;(1) = 1, g; strictly increasing on [0, 1], g

polynomial time computable. We can even assume gi”) 0) = g{") (1)=0foralln=1,

where g{") denotes nth derivative. We can assume also that gf”) is polynomial time

computable for all zn: indeed, considering

-1/x%
fx>0
h =1 € i
x) { 0 ifx<o0
then one can consider
h(x—1/4)

810 = D = 1/2)

Define a bump function #: [0,1] — R by

hx) = g1(2x) if0sx<1/2
Y21 q12-20 if1/2sxs<2

Now, we define a function f on [0, 1] as follows: On each interval [(u; + vs)/2, v],
f(x) =2x—vs. On each interval [y ¢, 25 ¢],

(x) = Us if not R(s, t)
f X) = Us + 2—(p(n)+2n+2) * hl (zp(n)+2n+1 (x _ yS,[)) lf R(S, t)

Thatis f has abump of height 2=(PU)+22+2) gn [y .z ] if  is a witness fo s being
inset A, and f is flat on [y 1, z5,;] otherwise.

It is easy to see that f is continuous, and even infinitely derivable. Furthermore,
if k is polynomial time computable over [0, 1], then we can determine, for each string
s, whether s € A as follows: we compute an approximate value e to k((us + vs)/2)
correct within error < 2~ PW+2n+4) "and decide s € Aiff e > us.

|
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9.4.2 Integration

( Theorem 9.5 (Friedman Ko’86) The following are equivalent.
1. FP=#P

2. For each polynomial-time computable f : [0,1] — R, the integral function
g:[0,1] — R defined by

X
g(x) :=f0 fde

for all x € 10,1] is polynomial time computable.

J

Here #P denotes the class of functions that counts the number of accepting com-
putations of a non-deterministic polynomial-time Turing machine.

For the proof of 1. = 2. one can guess a number of points (¢, y) with 0 < t < x and
then count those with y < f(#) to get an approximation for the integral g(x) (when
f is positive).

9.5 Rough Classification

Rough classification [Ko, 1991]

Numerical Problem Complexity Class
Optimisation (numbers) NP-complete
Optimisation (functions) EXPSPACE-complete
Ordinary Differential Equations PSPACE-complete
Integration #P-complete

Roots (dim 1) P-complete

Differentiation P (if computable)
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Chapter 10

Selected Results / Myhill’s
Theorem / Pour-El Richard’s
Construction

10.1 Some Selected Theorems

10.1.1 Brouwer’s Fixed Point Theorems

Theorem 10.1 Every continuous function f : [0,1]" — [0, 1]" admits a fixed point
X, i.e. a point with f(x) = x.

Theorem 10.2 (Orevkov’63) There exists a computable function f : 0,12 —
[0,1]? without computable fixed point.

10.1.2 Derivatives

Theorem 10.3 (Myhill’71) There exists a computable function f : [0,1] — R with
a continuous derivative f' : [0,1] — R which is not computable.

10.1.3 Differential Equations

Theorem 10.4 (Pour-El Richards 79) There exists some computable

f:00,11x[-1,1] = R

53
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such that ordinary differential equation

y=fy,

has no computable solution over any closed domain.

A J

Theorem 10.5 (Pour-El Richards) There exists a computable initial condition
f and a three-dimensional wave u such that x — u(0, x) is a computable func-
tion, but the unique equation of the wave equation

52—‘2‘=Au
ot
u(O,x)=f,%=0,t€[R€,xeR3

at time 1 leads to a non-computable x — u(1, x).

.

10.2 Proof of Myhill’s Theorem about Derivatives

10.2.1 General Idea
The idea is

* to construct a function f by placing “bumps” at each number of the form 27",
where n € N belongs to a recursively enumerable, non-recursive set A, and by
leaving the neighborhood of all other numbers 27" flat.

« for n € A, the slope of the graph at 27" can be effectively bounded from be-
low, given n: thus, if we could compute f’'(27") recursively, we could decide
whether n € A, contradicting the non-recursiveness of A.

10.2.2 A Basic Bump

We consider
x(x*-12% for-1<x=<1

g(x):{ 0 for |x|>1

(dessin).
Properties:

e 0(-1)=6(0)=6(1)=0

e 0(-1=0'1)=0

e 0'0)=1

e 0 has its minimum -1 at x = —1/+/5 and its maximum +1 at x = 1/v/5.
* |8(x)| = Aforall x.

* 6 is continuous with a continuous derivative over all R.

We call it a “bump” of length 2 and height A.
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10.2.3 A Dilated Bump

We consider 0,5(x) = (B/1)8(x/a): this is a bump of length 2a and height S.
(dessin)
Properties:

* Oqp(—a) =0,p(0) = Ogp(a@) =0
. 0;[5(—04) =0;ﬁ(a) =0

0/,5(0) = B/ (Aa)
104p(x)| < B for all x.

* Oqp is continuous with a continuous derivative over all R.

10.2.4 The function f

We consider A c N recursively enumerable but non-recursive.

We consider a total recursive & : N — N enumerating A without repetitions: A =
{n=h(k)|keN}.

The idea is to put, for every n of the form n = h(k), a bump 0,5, around 277,
where a, =27k2n2 g = p-k-n-2,

In other words:

o0
flo= Z eah(k)vﬁh(k) (x— Z_h(k))'
k=0

ATTENTION: here f is written as a series, but this is not “really” a series:

* for a given x, at most one term of the sum is not zero: i.e., no two bumps
overlap.

- Indeed, the half-lengths of the bumps around the points 2" and 2~ "~
are at most 272=2 and 272", and the sum of the two half-lengths is less
than 27", the distance between the two points.

10.2.5 The function f has a continuous derivative
f has a continuous derivative:

¢ the graph of f consists of alternate bumps and horizontal line-segments, and
since the bumps have horizontal half-tangent at their end points, f has a con-
tinuous derivative except possibly at x =0

e Given x, if x is not on a bump, then f(x) = 0 on a neighborhood of x, and
hence f’'(x) = 0. If x is on the bump surrounding 27", since |6'| < 1 on [0, 1],
|f(x)| < Bn/ay. Since B,/a, — 0as n— oo, f'(x) — 0as x — 0. From a well-
known result of analysis (theoréme des accroissements finis), considering that
f(0) =0, we have (f(x)— f(0))/(x—0) = f(x)/x = f'(y) for some 0 < y < x. We
deduce that f(x)/x — 0 when x — 0, that is to say that f is derivable in 0 with
f'(0) =0, and furthermore that f’ is continuous at x = 0.
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10.2.6 The function f is computable on [0, 1]

Let x € [0,1] be given, and let it be required to compute f(x) within 27",
Let

M
g = Y Bay gy (=270
k=0
it suffices to prove that
L lgu(x) - fol<27M;
2. and that gps(x) is computable.

Point 1.: for all x, g, (x) — f(x) is zero or consists of a single term

—9—h(k)
0 (x—27hb) = ﬁ””‘)e(x )

k) Bhik) A X h(k)

But 0, pup | < Bry =2 K "0"2 <27k <27 M ged.
Point 2.: gps(x) is computable since 6 is.

* Indeed, to compute 0(x) we first determine whether x <0 or x > -1, if x <0 we
can compute 6 (x) since (x) = min(0, x(x*>—1)?). If x > —1, determine whether

x>0or x <1.If x>0, then 8(x) = max(0, x(x*> — 1)2). If finally -1 < x < 1, then
0(x) = x(x* - 1)2.

10.2.7 The function f’is not computable on [0, 1]

f' cannot be computable:
1. ifne A, then f/2™") = H;nﬁn 0) =B,/ (Aay) =27"/A.
2. ifng A, then f'(2™™") =0.

Since these alternatives can be decided, this yields a decision procedure for A.
As Ais supposed to be recursively enumerable non-recursive, this is impossible.

10.3 Idea of the Proof of Pour-El Richards Theorem about
Ordinary Differential Equations

10.3.1 Adisperser

Consider K(x, y) given by
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(e, ¢?)

{o,9) (c,0)

L[c.'cll

The solutions of

{y’ = K(x,y)
y©0) = 0
are

y(x)sz2

with-1<C=<1.

10.3.2 A collector

We “reverse” the time variable to get a “collector”.

various
solution ——

curves

1]

Fig. 1b. A typical coilector.

10.3.3 Abox

A box is made of a “collector” and of a “disperser”.

(dessin).

We get differential equation y' = F(, y(1)).

The trick is to consider y' = F(t, y(t)) + h(t, y(1)), where h is a “pulse”: something
null, positive, or negative. If it is positive, the solution will go above the line y = x?
in the disperser, If it is negative, the solution will go below the line y = —x? in the
disperser. If it is null, the solution can follow any trajectory between the parabola of
the disperser.
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10.3.4 A sequence of boxes

vartices

!#/ \
sool5d \._i: \\“/

me|

0

A sequence of “boxes”.
* Each box is made of a “collector” and of a “disperser”.

* The boxes become progressively smaller as m increases, and the vertexes con-
verge to the origin.

This provides computability of the function.
A small “pulse” is placed at the vertex of some of the box:

» For the mth box, this pulse is positive, negative, or zero, depending on whether
meA meB ormg AUB,

» where (A4, B) is a fixed recursively inseparable pair of sets.

10.3.5 Idea of the proof
* Let a(n) and b(n) be one to one recursive functions generating A and B.

« If a(n) = m, then we place a positive pulse of height 2=("*+"+5 at the vertex of
box m.

« If b(n) = m, then we place a negative pulse of height 2~"***5) at the vertex of
box m.

* Assume the solution of the ODE is computable.

* Byreading x = x,,, at the aperture of disperser m within an error less than half
the size of the aperture, one knows whether x € Aor x € B.

* Impossible as (A, B) is a recursively inseparable pair of sets.
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